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The scaling of root mean square (RMS) wave aberration in an isometrically growing eye is investigated, along with changes due
to measurements made at diﬀerent relative pupil sizes. It is found that, relative to an initial state, if an eye expands in all directions by
the factor k, and the wave aberration is then measured at a relative pupil size which has changed over the pupil size used for the
original measurement by a factor b, the new wave aberration will be increased or decreased by a factor kbn, where n is the exponent
relating RMS wave aberration, to pupil radius, r, in the equation: RMS = qrn in the initial eye. This implies that, if wave aberration
is measured in a growing eye with a constant measurement pupil size, the measured RMS will decrease by the factor 1/kn1.
 2004 Elsevier Ltd. All rights reserved.
Keywords: Wave aberration; Emmetropization; Allometry; ScalingIn measuring wave aberrations in growing eyes it is
important to separate changes in amounts of aberration
due to isometric (geometric) growth and those due to
environmental inﬂuences, such as those due to applied
lenses or goggles or developmental processes such as
emmetropization, i.e. the reduction in aberrations due
to some developmental feedback process.
As Hofstetter (1969) pointed out in a schematic eye,
an emmetropic eye will always be emmetropic, if it scales
isotropically. This is easily seen if one considers a ray
diagram of an eye that is displayed at various
magniﬁcations. Since magniﬁcation does not alter any
angles in the diagram, it must be correct at any displayed
size, since the bending of rays depends only on their an-
gles of incidence to a surface and the refractive indices on
either side of the surface. By this argument it is easily
seen that if a wave aberration diagram is magniﬁed by
the factor, k, then the wave aberration will also increase
by this factor at corresponding points in the diagram.
Thus if the RMS wave aberration is measured at the0042-6989/$ - see front matter  2004 Elsevier Ltd. All rights reserved.
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ing points, then it, too, will increase with the factor k.
Now it is known that, in humans for example (How-
land, 2002) the high order (third power and above) RMS
wave aberration, Z, scales roughly with the third power
of the pupil size used in the measurement. (It should be
noted that a typical Hartmann Shack instrument collects
rays over a ﬁxed pupillary area, which is here termed the
‘‘measurement pupil size’’ or rm. Clearly the actual pupil
size must be equal to or larger than the measurement pu-
pil size.) Readers may note that if the RMS wave aber-
ration, Z, is equal to a polynomial in the pupil radius r,
of the form, Z = n0 + n1r + n2r
2 + n3r
3 + n4r
4   then a
plot of log(Z) vs. r could not be a straight line. That is
to say that there cannot be a constant exponent in the
scaling of wave aberration with pupil size. This is true,
but in the practical case over the radii and coeﬃcients
encountered in wave aberrations of vertebrate eyes, the
plot of log(Z) vs. r is so linear as to be well represented
(r2 > 0.9) by a linear regression, i.e. a single constant and
exponent (Howland, 2002).
Thus we may represent the equation of wave aberra-
tion vs. measured pupil size, rm, in the initial eye as:
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Fig. 1. Graph of RMS wave aberrations relative to RMS at the day of
hatching estimated at constant pupil diameters for the ﬁrst seven days
of life of a hatchling chick whose eye expands isometrically at a rate
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where q is a constant equal to the RMS wave aberration
at a pupil radius of rm = r0 in the initial eye. Note that
the relative pupil size may be deﬁned as:
b ¼ rm=r0 ð2Þ
and is dimensionless. It is useful to allow the reference
pupil size, r0, to scale with the size of the eye so that,
at that pupil size, the numerical aperture (or f/#) of
the eye is always the same.
Thus in an eye scaled by the factor k in all directions
relative to the original eye, the wave aberration, Z 0,
measured at the same relative pupil size (b 0 = b) obeys
the relationship:
Z 0 ¼ kqðkrm=kr0Þn ¼ kqb0n ¼ kqbn ð3Þ
given in Eq. (5). Growth data were taken from a second order
regression ﬁt to the corneal diameters of white leghorn (Cornell K
strain) chicks raised under 12/12 illumination. The exponent n relating
RMS to pupil size was taken from averaged data of 25 day old chicks.
For comparison, a graph with a lower exponent (from human data) is
shown for comparison. In the text an argument is presented that the
actual graph of reduction of high order aberrations most probably lies
somewhere between these two plots. The reduction of relative RMS
wave aberration is due solely to the isometric expansion of the eye and
not to any developmental emmetropization process.However, if a growing eye is measured at diﬀerent times
at a constant measurement pupil size, then the relative
pupil size, b 0 = rm/(ktr0) = b/kt. Thus we have:
Z 0 ¼ ktqðb=ktÞn ¼ qbnk1nt ¼ qbnð1=kn1t Þ ð4Þ
where k now varies with time and becomes kt.
That is to say: if the wave aberration of an isometri-
cally growing eye is measured at a constant pupil size,
the RMS wave aberration will decrease from its initial
value, where kt = 1 at t = 0, with the function, 1=k
n1
t .
For example, in the 25 day old chick eye growing under
a 12 h light/12 h darkness regime, n has been found to be
3.9 (Mihashi, Li, Basarab, Hirohara, & Howland, 2004),
and from hatching until day seven the corneal diameter,
cd, of the chick increases from 4.29 mm to 4.97 mm
according to the equation:
cdðtÞ½mm ¼ 4:29þ :0922t þ 5:59E  4t2 ð5Þ
where t is the time in days after hatching (Howland, Li
and Wahl, personal observation).
Thus, for any time, t, k at time t
kt ¼ cdðtÞ=4:29 ð6Þ
and hence 1=k2:9t ð¼ 1=kn1t Þ may be calculated, and is
graphed in Fig. 1.
From such a graph it may be seen that, unless the
scaling of the measurements is taken into account, such
a result may be may be mistaken for developmental
emmetropization.
A weakness of the above argument concerns the fact
that data for the value of the exponent n, above, was not
obtained from chicks in the age range of 0–7 days after
hatching. However, there is good reason to believe that
the value of n for simple eyes should lie somewhere be-
tween 3 and 4. Smith and Atchison (1997) note that the
Seidel aberrations, spherical aberration, S1, and coma,S2, vary with the fourth and third powers of the aperture
radii respectively. Since these Sidel aberrations, as well
as the corresponding third and fourth order Zernike
wave aberrations are the principal aberrations in human
(Porter, Cuirao, Cox, & Williams, 2001) and chick eyes
(Mihashi et al., 2004), it seems reasonable to believe that
3 6 n 6 4.
It should also be acknowledged that many eyes do
not, in fact, grow isometrically. In humans, for example,
the growth of the corneal diameter is almost complete
after the ﬁrst few months of life (Hymes, 1929), while
the axial length of the eye increases rapidly over the ﬁrst
two years of life and then more slowly until adulthood
(Larsen, 1971a, 1971b). However, for the scaling of
wave aberration, it is the growth of the anterior segment
of the eye that is of importance for the scaling of the
optical surfaces of the cornea and lens. Again, there
may be deviations from isometric growth of the anterior
segment, but the theory outlined here should serve as a
ﬁrst approximation to eﬀects of growth on wave aberra-
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